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Phase Sensitivity Analysis of Circadian
Rhythm Entrainment

Rudiyanto Gunawan' and Francis J. Doyle III*

Department of Chemical Engineering, University of
California Santa Barbara, Santa Barbara, CA

Abstract  As a biological clock, circadian rhythms evolve to accomplish a sta-
ble (robust) entrainment to environmental cycles, of which light is the most
obvious. The mechanism of photic entrainment is not known, but two models
of entrainment have been proposed based on whether light has a continuous
(parametric) or discrete (nonparametric) effect on the circadian pacemaker. A
novel sensitivity analysis is developed to study the circadian entrainment in sil-
ico based on a limit cycle approach and applied to a model of Drosophila circa-
dian rhythm. The comparative analyses of complete and skeleton photoperiods
suggest a trade-off between the contribution of period modulation (parametric
effect) and phase shift (nonparametric effect) in Drosophila circadian entrain-
ment. The results also give suggestions for an experimental study to (in)vali-

date the two models of entrainment.

Key words circadian rhythm, sensitivity analysis, robustness, entrainment,
seasonal tracking, phase angle, systems biology

Among the many biological rhythms, circadian
rhythms are perhaps the most evident as they regulate
the daily cycle of many living organisms, from single
cellular Cyanobacteria and Neurospora to multicellular
Drosophila and mammals. The core of the pacemaker
in most of these organisms is the transcriptional-
translational regulation of circadian gene expression
that produces an endogenous oscillatory behavior
approximating the Earth’s 24-h rotation. The key
genetic players of circadian rhythms have been identi-
fied in many organisms, including Neurospora (Lee
et al., 2000; Merrow et al., 2001), Arabidopsis (Zeilinger
et al., 2006), Drosophila (Williams and Sehgal, 2001), and
mouse (Reppert and Weaver, 2001, 2002; Shearman
et al.,, 2000). Furthermore, the circadian regulatory net-
works in different organisms appear to share a common

architecture (Wager-Smith and Kay, 2000). To better
understand the mechanisms of circadian regulation,
multiple circadian pacemaker models with varying
complexity and detail have been proposed, from gen-
eral van der Pol oscillator models (Forger et al., 1999;
Jewett et al., 1999) to mechanistic differential equa-
tions (Forger and Peskin, 2003; Leloup and
Goldbeter, 1998, 2003; Locke et al., 2005; Ruoff et al.,
2001; Smolen et al., 2004; Tyson et al., 1999; Ueda
et al.,, 2001) and discrete stochastic models (Gonze
et al., 2003; Forger and Peskin, 2005).

The availability of models for circadian rhythms
permits the application of in silico analyses using
existing and novel methods to elucidate the charac-
teristics of circadian regulation and to generate new
hypotheses and predictions (Forger and Peskin, 2004;
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Gunawan and Doyle, 2006; Gonze et al., 2003; Ingalls,
2004; Leloup et al., 1999; Leloup and Goldbeter, 1999,
2000, 2004; Rand et al., 2004; Stelling et al., 2004). For
example, sensitivity analysis of Drosophila circadian
models revealed the relationship between robustness
and the network structure and the robustness-
fragility trade-off between global and local parame-
ters (Stelling et al., 2004). Here, robustness refers to
the relative insensitivity of certain cellular function
(e.g., circadian periodicity) to internal and external
perturbations. Furthermore, a model of the mammalian
circadian clock was used to confirm existing conjec-
tures, including the role of mRNA and protein stabil-
ity in maintaining the 24-h periodicity, and to
produce new hypotheses, such as the role of mPER1
and mPER2 as the morning and evening circadian
molecules, respectively (Forger and Peskin, 2004).
Finally, the application of an isochron-based phase
analysis on a Drosophila pacemaker model gave pre-
dictions for the importance of mRNA transcription
rates in regulating the circadian phase dynamics and
the modulation circadian phase and period by light
(Gunawan and Doyle, 2006). These in silico analyses
have mainly focused on the free-running circadian
rhythm and its response to a limited light input, such
as light pulses used to estimate the phase response
curve. The characteristics of circadian photic entrain-
ment were then analyzed based on the phase
response curve by way of Pittendrigh’s nonparamet-
ric entrainment model (Gunawan and Doyle, 2006;
Leloup et al., 1999; Rand et al., 2004).

Entrainment represents the most significant fea-
ture of circadian rhythms, where (sun) light functions
as the critical zeitgeber (time giver: an environmental
agent that can reset a biological clock) (Johnson et al.,
2003). The motivation for circadian entrainability is
the ability to program and adapt the timing (phase
angle) of an organism’s behavior and physiology
with respect to environmental cycles for ecological
advantages. In this case, entrainment refers to the
process in which a cyclic external input, such as day-
night cycles, carries along the behavior of a circadian
rhythm such that its period conforms to that of the
zeitgeber. However, matching periodicity is not a suf-
ficient condition for entrainment. In fact, there are
two necessary indications of entrainment; the first is
the matching of period with a stable (unique) phase
angle, and the second is the preservation of phase
upon the removal of the zeitgeber, such that the free-
running phase is determined by the entrained phase

(Johnson et al., 2003). The first indication points to
the robustness of circadian entrainment with respect
to internal and external perturbations, while the sec-
ond signifies the synchronization of the internal cir-
cadian phase to the zeitgeber. The second indication
raises the possibility of masking phenomena, in
which overt behavior may appear to be synchronized
to the zeitgeber without a true entrainment of the
internal circadian phase (Mrosovsky, 1999).

The present study focuses on the robustness of cir-
cadian entrainment with respect to two natural vari-
ations: the free running period (FRP) and the length
of day. A novel sensitivity analysis is developed that
can directly address the circadian robustness under
entrainment to a single light pulse and photoperiods
(complete and skeleton). In this analysis, the depen-
dence of circadian behavior (outputs) to model para-
meters is quantified by computing the sensitivity
coefficients. A low sensitivity to a parameter corre-
lates with a robust behavior, where variations in the
parameter leave the behavior of the system unaf-
fected. On the contrary, a high sensitivity indicates
the inverse, a fragile behavior, where large changes in
the behavior can arise from small parameter varia-
tions. The analysis of phase angle with respect to
intrinsic variations in the FRP uses in silico T-cycle
experiments, while the effect of extrinsic variations in
day-length is analyzed through simulations of circa-
dian seasonal tracking. A comparative study using a
Drosophila circadian rhythm model (Leloup and
Goldbeter, 1998) reveals the correlation between the
robustness of phase angle and of free-running circadian
rhythm, including active (instantaneous) phase dynam-
ics and (long-term) period modification. Further com-
parisons of the results lead to a design of experiment to
invalidate hypotheses for the mechanism of circadian
entrainment.

MATERIALS AND METHODS

Sensitivity Analysis

All physical processes, including those in biology,
are governed by a set of rules, such as chemical reac-
tions, conservation of mass, and many more. In a
mathematical model of a process, each of these rules
is represented by a constitutive equation that approx-
imates the true behavior. These equations necessarily
contain physical parameters, such as kinetic rate
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constants, viscosity, density, and so on, that make the
model specific to the process system of interest.
Sensitivity analysis examines the dependence of
process behavior (e.g., level of proteins, periodicity,
entrainment) on the system parameters (Varma et al.,
1999). The metric used is the sensitivity coefficient,
which quantifies the effect of a parameter perturba-
tion on the process output according to

5= 2,
pj
where y; is the ith process output, and p; is the jth para-
meter. The sensitivity coefficients can be interpreted as
the ratio between the change in the process behavior
and the perturbation in the parameter that causes this
change. A low-sensitivity magnitude with respect to a
parameter indicates a robust behavior in which varia-
tions in this parameter have little effect on the output.
Vice versa, a large sensitivity magnitude means that
variations in the parameter are amplified to cause large
output changes, referred to as fragile behavior.
In this article, the oscillatory behavior of circadian
rhythms is described by a set of ordinary differential
equations (ODEs) given by

@

d
= =fp). @

where ¢ denotes time and fis a set of nonlinear functions
composed by all relevant constitutive equations such as
mRNA transcription, protein translation, degradation,
and so on. The term dx/dt on the left-hand side describes
the rates of change of the states x. In biological models,
these states typically describe the levels of proteins and
mRNAs, while the parameters p consist of the rate con-
stants associated with different cellular processes. For
circadian rhythms, the above equations are assumed to
exhibit an asymptotically stable limit cycle for the given
fand p. That is, the system states form an isolated closed
trajectory in the phase plane such as shown in Figure 1.
Here, a point in the phase plane corresponds to a combi-
nation of protein and mRNA concentrations. The arrow
in Figure 1 points to the direction of change in the state as
a function of time. Thus, an oscillatory behavior neces-
sarily gives a closed-loop trajectory in the phase plane as
the levels of proteins and mRNAs periodically repeat.

A direct approach to computing the sensitivities
is to take the derivative of equation (2) with respect
to the parameters, giving the differential equations
for the sensitivities S:

i5_urg i

at ax  ap’ )

Figure 1. Isochrons of a limit cycle. A limit cycle is an isolated
closed trajectory in the phase plane (Strogatz, 1994). The isochrons
of a limit cycle, shown as dotted lines, act as a 1-dimensional
T-periodic phase axis in the phase plane. Each point in the basin of
attraction of the limit cycle lies on an isochron, and the phase dif-
ference can be measured by taking the difference along the
isochron phase axis.

This equation needs to be solved simultaneously with
equation (2) (Varma et al., 1999). Alternatively, the sen-
sitivities can be computed using a finite difference
approximation as given by

S Xi(t, p+ Ape) — xi(t, p — Ape)) 4)

te 2A,
where A, is the magnitude of the parameter pertur-
bation, and e is a vector of zeros of the same size as
p, except for a value of 1 in the jth element (Varma
et al., 1999). In the aforementioned two equations, S
actually refers to the state sensitivities. The process
output of interest y is typically an algebraic function
of the states, and thus the output sensitivities in
equation (1) can also be expressed as an algebraic
function of the state sensitivities. Unfortunately, the
characteristics of circadian rhythms such as phase
and periodicity are exceptions to this rule, which
motivated the development of direct phase analyses
(Rand et al., 2004; Gunawan and Doyle, 2006).

’

Phase Sensitivity Analysis

The key behaviors of an oscillatory system are often
characterized by the period and phase. In a mechanis-
tic model of circadian rhythm, these characteristics do
not translate to algebraic functions of the system states
and thus cause difficulty in their analysis using the
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classical method described above. Because of this
reason, novel analyses have been proposed based on
an impulse parameter perturbation (Rand et al., 2004)
and isochrons of a limit cycle (Kramer et al., 1984;
Gunawan and Doyle, 2006), which can directly address
the period and phase characteristics of limit cycle sys-
tems. The present work employs the latter analysis,
which is summarized below.

An isochron is a set of points in the phase plane
that evolve to synchronize on the limit cycle. Therefore,
each point in the basin of attraction of a limit cycle
belongs to an isochron, such that these isochrons pro-
vide a phase grid. Figure 1 illustrates the concept of
isochrons for a hypothetical 2-dimensional limit cycle.
The phase difference between two points is measured
as the time distance between two isochrons to which
these points belong, modulo the FRP 7. The phase sen-
sitivity to changes in a system state is given by

oy ox;(t') dxi(t)

a_xk(t):_}if; Bxk(t)/ at ()

where y denotes the phase as measured in the unit of
time. The numerator on the right-hand side symbolizes
the change in the state x; at the final time ¢, caused by a
perturbation in some state x, at some time ¢. The corre-
sponding phase shift is inversely correlated with the
dynamics (rate of change) of the state x;at t’, which
shows up in the denominator. As perturbations in a
parameter generally induce changes in all the states, the
overall parametric phase shift can be computed by sum-
ming up the contribution from changes in each state
according to:

A A L0
(apj>n_23xk(t) op; ©)

k=1

where 1 is the total number of states, and the sub-
script 1 refers to the corresponding isochron at which
the phase difference is measured.

Unlike a perturbation in system states, a parameter
change can affect the period of an oscillatory system.
This, in turn, causes the resulting phase shift to accu-
mulate after every revolution around the limit cycle.
Thus, the parametric phase sensitivity in equation (6)
captures the variations of the period as well as the local
phase. As expected, the phase shift diverges with time
at a rate of the period change in every cycle, providing
a method for computing the period sensitivity from the
phase sensitivity, which is given by

ot (a\p(t+r)> _(81[;(15)) ,
ap; ;.  J, w ), @

There exist two alternatives to extract the local phase
variations from the parametric phase sensitivity. The

first method subtracts the period change from the over-
all phase sensitivity according to

(L) _ (2 e
/. p ) Tap’ ®

where the subscript T on the left-hand side empha-
sizes that the local phase variation is evaluated at a
constant period. The second approach uses the slope
of the parametric phase sensitivity given by
o) g(aw))
op; — dt\ dp; )’

which is equivalent to an impulse response curve
(i.e., the PRC to an impulse parameter perturbation;
Rand et al., 2004).

©)

Sensitivity Analysis of Circadian Rhythm
under Entrainment

The concept of isochrons does not apply to an oscil-
latory system under entrainment since all points in the
basin of attraction will synchronize. Thus, a new phase
definition is given here based on the extrema of a state
(e.g., the maximum or minimum of a protein or mRNA
concentration). Based on the above formulation of a
limit cycle, the entrained system can be written as

22X _ oz, p.u)
=& P, (10)

where the vector denotes the states of the entrained
limit cycle system, and g is a vector of nonlinear func-
tions driven by a cyclic input u, such as light. An
extremum of the ith state is mathematically defined by

gi(ii,g (ti,g/p/u)/p/u) = 07 (11)

where g, is the ith element of g, and the ith element of X,,
has an extremum at time ¢, . Taking the total derivative
dg,= 0 and applying the chain rule leads to

agi" ax dg;

= | odt. —dp. —<dp. =0.

9% (8 e T op; P]) + op; P (12)
Note that the cyclic input u is assumed to be indepen-
dent of the parameters and therefore does not con-
tribute to the phase shift. Finally, rearranging the
terms gives the sensitivity coefficient of the entrained
phase angle ¥ according to

dgiT 9% L 0
3\11 _ 81‘1-,8 _ 3)~( 3p] ap] (13)
apj g’ ’
ax

’.‘i,e(ti.e)’P

where ¥ is again measured in the unit of time. The
above equation accounts for two factors that contribute
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to a shift in an extremum. The first term captures the
phase shift caused by a change in the concentration,
while the second represents a direct change in g at the
extremum. The choice of system state and its extremum
to define the phase angle ¥ depends on the biological
knowledge of the circadian effector(s) in the system.
Finally, this analysis is independent of the choice of ref-
erence zeitgeber (dawn or dusk) since the sensitivities
measure the change in the phase angles.

Two measures of performance for a robust entrain-
ment are defined. The first performance metric captures
the effect of the free-running period on the phase angle.
Analogous to the T-cycle experiments (Daan and
Aschoff, 2001), the computation of this metric is done
by observing the phase angle changes due to variations
in the entraining/zeitgeber period T, which is given by

aw
= d_T (14)
The second metric focuses on the effect of day-length
T,,, on the entrained phase according to

aw
AT ey

T = (15)
Alarge magnitude of m, or m, suggests the fragility of
phase angle to variations in the FRP or length of day,
respectively. On the contrary, a small magnitude
reflects robustness. The sensitivity analysis of these
performance metrics gives

Ty 3 dv d ovw

G2 (16)
ap]» 3}7]‘ dT dT 3191‘

T, 0 dv d v

— == (17)

apj  OpjdTay  dTaey Ip;

The last term on the right-hand side follows from
equation (13), and the derivatives with respect to T
and T, can be evaluated using a finite difference
approach as shown in equation (4). The sensitivity
analysis of these metrics will highlight the key cellular
processes involved in the robustness of ¥ with respect

to the FRP and day-length variability.

Similarity Distance

The comparative study in this work uses three refer-
ence sensitivity analyses given in equations (7), (8), and
(9) and the robustness analyses of phase angle in equa-
tions (16) and (17). A sensitivity score is assigned to every
parameter in each analysis according to the following:

Equation (7):
perlod 0t /max 3_'5 (18)
g Bp] i ol

Equation (8):
s})hase — /T (ala!f(t)> dt <a‘b(t)> dt
0 pi /. (19)
Equation 9):
§PRC _ T1ovs () it 311’5 () ‘ (20)
! o 8p]
Equation (16) or (17):
it dt/max “ZHdt, i=1or2.
0 p; 1)

The scores consolidate the parametric sensitivities
over one FRP duration (with the exception of the peri-
odicity) and then normalize with respect to the max-
imum. A sensitivity score of 1 corresponds to the
parameter with the largest sensitivity magnitude.
Furthermore, these scores are treated as a signature of
different circadian outputs. By comparing two sets of
scores, one can infer whether the two circadian out-
puts are governed by the same cellular processes. In
this case, setting the scores for each entrainment met-
ric against the references will highlight the roles of
circadian period and phase responses to the zeitgeber
in the maintenance of a stable phase angle.

The comparison between two analyses is done by
computing the similarity distance given by

D,y = l i )s}’ — s]b‘ , (22)

where a and b denote the two circadian outputs (i.e.,
period, phase, PRC, =,, or m,), and m is the total
number of parameters. This distance gives an aver-
age of the absolute difference in the sensitivity scores
between the two outputs. Since the sensitivity scores
have values between 0 and 1, the similarity distance
is also within 1. A low similarity distance suggests
that the parameters have similar relative effects on
the outputs being compared.

The aforementioned analyses and their similarity
distances were applied to a Drosophila circadian pace-
maker model (Leloup and Goldbeter, 1998). This
mechanistic model captures the negative feedback
inhibition of period (per) and timeless (tim) transcrip-
tions by their own proteins, PER and TIM. Two phos-
phorylated states of the proteins are considered,
including the formation of PER-TIM complex that is
responsible for the autoinhibition. Here, light is mod-
eled as an increase (by 100%) in the degradation rate
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Figure 2. Drosophila circadian pacemaker model (Leloup and
Goldbeter, 1998). The model describes a coupled feedback inhi-
bition of period and timeless transcriptions by their own pro-
teins. The roles of PER and TIM are symmetric, except for the
enhancement of TIM degradation by light.

of TIM protein, as suggested by experimental evi-
dence (Myers et al., 1996; Zeng et al., 1996). Figure 2
illustrates the architecture of this circadian rhythm
regulation model. Using the parameters reported in
the original publication (Leloup and Goldbeter, 1998),
the model produces stable oscillations with a FRP of
24.1 h. Although two parameter sets were given in this
publication, only the symmetric set gave a reasonable
phase response curve, which was used in this study.

RESULTS

Phase Analysis of Free-Running
Circadian Rhythm

The free-running phase analysis of the Drosophila
pacemaker model has previously been done and is
summarized here (Gunawan and Doyle, 2006).
Figure 3 recapitulates the sensitivity scores of the
period, local phase, and PRC from this analysis. The
parameters are grouped into four quadrants (I-IV) to
assist the comparisons between two circadian out-
puts of interest. The parameters in quadrants I and IV
have significant and specific effects on one of the out-
puts, while those in quadrants II and III have nonspe-
cific effects. When the parameters are clustered in
quadrants IT and III, such as that in Figure 3c, the analy-
sis indicates that the regulations of these two circadian
outputs share common parameters/processes. The

existence of parameters in quadrants I and IV, as in
Figure 3A and B, highlights the differences in the
processes that regulate the two outputs. As expected,
the analyses of transient phase response (i.e., local
phase and PRC) were in agreement, as shown in Figure
3C. The results also indicated a demarcation of circa-
dian processes according to the phase and period
effects. In particular, the processes regulating mRNA
transcription and protein translation have a specific
transient phase effect, while those associated with the
PER-TIM nuclear transport mostly influence the period
(Gunawan and Doyle, 2006). Indeed, a previous exper-
imental study produced alleles of tim with short and
long period mutations, which were attributed to
changes in the nuclear translocation (Rothenfluh et al.,
2000). In addition, the free-running analysis further
showed that light-enhanced degradation of TIM had
equally strong effects on the phase and period of circa-
dian rhythm, which gave support for the combination
of period and phase responses in light entrainment.

Entrainment of Circadian Model
and Phase Angle Instability

Two performance measures, 7, and m,, were com-
puted for the Drosophila circadian model entrain-
ment. Although the exact output pathways of
circadian rhythms, including Drosophila, have yet to
be determined, the maximum of per mRNA concen-
tration was used here as the phase marker based on
an experimental observation (Qiu and Hardin, 1996).
The same analysis using nuclear PER-TIM complex
as the phase marker gave similar conclusions (results
not shown). The first analysis emulates a T-cycle
experiment (Daan and Aschoff, 2001), in which
unique phase angles are established for different zeit-
geber periods. Although the non-24-h periodicity is
unnatural, such experiment can illustrate the effect of
variations in the free-running period on entrainment.
In this study, the phase angle analyses were evalu-
ated for a single light pulse and both complete (PPc)
and skeleton (PPs) photoperiods. Figure 4A shows
the entrainment of the pacemaker model to a single
2-h light pulse with different zeitgeber periods. The
phase angle changes as a function of T, indicating a
true entrained behavior (Johnson et al., 2003). As
illustrated in Figure 4D, the single-pulse entrainment
exhibits the problem of 1 instability in which the
phase angle strongly depends on t/T as the ratio
nears 1 (Pittendrigh and Daan, 1976; Geier et al,,
2005). This problem is consistent with the shape of
the Drosophila phase response curve having a “dead
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Figure 3. Free-running phase analysis of Drosophila circadian rhythm. The sensitivity scores and similarity distances are computed for
(A) local phase versus period, (B) PRC versus period, and (C) PRC versus local phase. The different symbols represent the classification
of parameters according to the cellular processes, such as per/tim transcription/translation, per/tim gene regulation (inhibition) by the
PER-TIM complex, PER/TIM phosphorylation, PER-TIM complex nuclear transport, general mRNA and protein degradation, and cir-
cadian protein-specific degradation. The quadrants (I-IV) divide the parameters according to the strength of their sensitivity on the out-
puts. Quadrants I and IV contain parameters that have relatively strong effects on one of the outputs: quadrant I for the output
represented in the y-axis and quadrant IV for that in the x-axis. On the other hand, quadrants II and III group parameters with relatively

similar (nonspecific) effects on both outputs.

zone” where light exerts little phase shift (Leloup
et al., 1999).

The complete photoperiod was simulated by dou-
bling the rate constant for TIM degradation during
daytime to capture the effect of light. In contrast, this
rate doubling was applied only at two discrete 2-h
pulses for every cycle in the skeleton photoperiod.
Figure 4B illustrates the T cycle entrainment behavior
under complete photoperiod with an LD ratio of
12:12 (i.e., equal light and dark durations). Again, the
dependence of the phase angle on T indicates a true
entrainment behavior as light directly affects the
internal circadian phase through TIM degradation.

In agreement with experimental observations
(Pittendrigh and Minis, 1964), the skeleton photope-
riod can mimic the same entrained phase angles as
the complete photoperiod (see Fig. 4C,D). The prob-
lem of t-instability is attenuated under photoperiod
entrainment, as shown in Figure 4D, which is also in
agreement with experiments (Pittendrigh and Minis,
1964; Pittendrigh, 1967).

In the analysis of day-length adaptation using &,
the circadian model was entrained to photoperiods
with varying LD ratios. Figure 5A,B shows the
entrained system using LD ratios of 4:20, 8:16, 12:12,
16:8, and 20:4. Focusing on the timing difference
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Figure 4. (A) Entrainment of Drosophila circadian model under a single light pulse. A 2-h light pulse was introduced for every cycle.
(B, O) Entrainment of Drosophila circadian model under complete and skeleton photoperiods (LD 12:12). The timing and duration of
light (dark) are indicated by the white (black) bars at the top of (A-C). (D) Simulated phase angles of Drosophila T cycle experiments.
The phase angles ¥ are reported in normalized zeitgeber time (scaled to 24-h period) based on the peak of per mRNA concentration.
The 7t-instability problem refers to the singularity around ©/T =1 under a single-pulse entrainment. Complete and skeleton photoperi-

ods reduce the effect of T instability.

between dawn and the peak of per mRNA concentra-
tion, the circadian model shows a robust adaptation to
the day-length changes by maintaining the same phase
angle in both photoperiods. The skeleton photoperiod
can again reproduce the entrainment of complete pho-
toperiod, except for LD ratios above 12:12. Beyond this
ratio, the circadian model exhibits the well-known
phase jump, where the shorter of the two dark inter-
vals in each cycle is treated as the subjective day
(Pittendrigh and Minis, 1964). On the other hand, the
complete photoperiod can entrain up to an LD ratio of
16:8. At LD 20:4, the rthythm experiences a period dou-
bling and thus can only entrain to every other cycle.
The analyses were repeated for entraining periods of

22 and 26 h to simulate different free-running peri-
ods as in the T-cycle. Figure 5C shows that the phase
angles track dawn for T of 22 and 24 h (t > T) and
dusk for T of 26 h (t < T). Such behavior is expected
from the FRP of 24.1 h, as the phase delay (or
advance) necessary to entrain to T > 1 (or T < 1)
would necessitate light to fall mostly during dusk
(or dawn) (Geier et al., 2005).

Robust Entrainment

The FRPs of circadian rhythms are known to
exhibit both inter- and intra-individual variability
(Lohmann, 1967; Herzog et al., 2004; Williams and
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